Abstract. Let k be an algebraically closed field of characteristic zero. In joint work with J. Cuadra [CEW1, CEW2], we showed that a semisimple Hopf action on a Weyl algebra over a polynomial algebra k[z 1 , . . . , z s ] factors through a group action, and this in fact holds for any finite dimensional Hopf action if s = 0. We also generalized these results to finite dimensional Hopf actions on algebras of differential operators. In this work we establish similar results for Hopf actions on other algebraic quantizations of commutative domains. This includes universal enveloping algebras of finite dimensional Lie algebras, spherical symplectic reflection algebras, quantum Hamiltonian reductions of Weyl algebras (in particular, quantized quiver varieties), finite W-algebras and their central reductions, quantum polynomial algebras, twisted homogeneous coordinate rings of abelian varieties, and Sklyanin algebras. The generalization in the last three cases uses a result from algebraic number theory, due to A. Perucca.
Introduction
Throughout the paper, k will denote an algebraically closed field of characteristic zero. In [EW1, Theorem 1.3] , we showed that any semisimple Hopf action on a commutative domain over k factors through a group action. Likewise, it was established in our joint work with Juan Cuadra that the same conclusion holds for semisimple Hopf actions on Weyl algebras A n (k[z 1 , . . . , z s ]) [CEW1, Proposition 4.3] . Moreover, we showed that it holds for any (not necessarily semisimple) finite dimensional Hopf action on A n (k) [CEW2, Theorem 1.1] , and, more generally, on algebras of differential operators of smooth affine varieties [CEW2, Theorem 1.2] . Finally, in [EW3] we extended these results to certain finite dimensional Hopf actions on deformation quantizations (i.e., formal quantum deformations) of commutative domains. We say that there is No Finite Quantum Symmetry in the settings above.
The goal of this paper is establish No Finite Quantum Symmetry results for finite dimensional Hopf actions on other algebraic quantizations of commutative domains, i.e., quantizations whose parameters are elements of k (rather than formal variables). We now summarize our main results for various classes of algebraic quantizations.
1.1. Semisimple Hopf actions on filtered quantizations. Our first main result concerns Hopf actions on filtered deformations (or filtered quantizations) of commutative domains, that is, on filtered kalgebras B where the associated graded algebra gr(B) is a commutative finitely generated domain.
Let B be a Z + -filtered algebra over k such that gr(B) is a commutative finitely generated domain. We will see that for sufficiently large primes p, the algebra B admits a reduction B p modulo p, which is a domain over F p . Namely, there exists an R-order B R ⊂ B over some finitely generated subring R ⊂ k, and B p = B ψ,p := B R ⊗ R F p for a homomorphism ψ : R → F p . (For details on R-orders in B see Section 2.1 below).
Recall that a ring A is PI if it satisfies a polynomial identity over Z. By Posner's and Ore's theorems [Pos, Ore] [MR, Theorem 13.6.5 and Corollary 1.14], a domain A is PI if and only if it is an Ore domain and its division ring of fractions Frac(A) is a central division algebra. In this case, Frac(A) is a division ring that is dimension d 2 over its center, where d is the PI degree of A [MR, Definition 13.6.7] . Definition 1.1. Given B as above, we say that B is an algebra with PI reductions if it admits an order B R such that B p is PI for sufficiently large p (with any choice of ψ).
Proposition 5.4]; our main achievement here is that we eliminate this requirement.
A basic example of an algebra with PI reductions is the Weyl algebra B = A n (k), and, in fact, the proof of Theorem 1.2 is analogous to the proof of [CEW1, Theorem 4 .1] which addresses this case. Moreover, a wide range of filtered quantizations (each defined in Subsection 2.2 below) are algebras with PI reductions, resulting in the following corollary. Corollary 1.3 (Corollary 2.6). Let B be one of the following filtered k-algebras:
(i) Any filtered quantization B generated in filtered degree one; in particular, the enveloping algebra U(g) of a finite dimensional Lie algebra g, or the algebra D ω (X) of twisted differential operators on a smooth affine irreducible variety X; (ii) a finite W-algebra or its quotient by a central character; (iii) a quantum Hamiltonian reduction of a Weyl algebra by a reductive group action; in particular, the coordinate ring of a quantized quiver variety; (iv) a spherical symplectic reflection algebra; or (v) the tensor product of any of the algebras above with any commutative finitely generated domain over k.
Then, any semisimple Hopf action on B factors through a group action.
Other applications of Theorem 1.2 have been investigated recently by Lomp and Pansera [LP] ; for instance, they establish No Finite Semisimple Quantum Symmetry on certain iterated differential operator rings. Remark 1.4. We do not know if a filtered quantization of a finitely generated commutative domain over k must be an algebra with PI reductions (i.e., if the PI reduction assumption is, in fact, vacuous), see the question in [CEW1, Introduction] and [Et2, Question 1.1] . This is of independent interest in noncommutative ring theory.
Finite dimensional Hopf actions on filtered quantizations.
Similarly to [CEW1, Theorem 4 .2], Theorem 1.2 and hence Corollary 1.3 hold for Hopf-Galois actions of any (not necessarily semisimple) finite dimensional Hopf algebra (Theorem 3.1). The proof is parallel to the proofs of Theorem 1.2 and [CEW1, Theorem 4.2].
Moreover, it turns out that even without the Hopf-Galois assumption, Theorem 1.2 extends to non-semisimple Hopf actions for a somewhat more restrictive class of quantizations. To see this, let us recall some algebras introduced in [CEW2] . 
Definition 1.6. We say that an algebra B with PI reductions is nondegenerate if for almost all p one has m≥1 Z(m) = F p . Theorem 1.7 (Theorem 3.5). If B is a nondegenerate algebra with PI reductions, then any finite dimensional Hopf action on B factors through a group action (i.e., the condition that H is semisimple in Theorem 1.2 can be dropped).
The proof of Theorem 1.7 is similar to the proof of [CEW2, Theorem 1.2] .
To illustrate when the nondegeneracy condition holds, recall that gr(B) carries a natural Poisson bracket. Namely, if B is commutative, this bracket is zero; otherwise, if d is the largest integer such that [
where a ∈ F i B, b ∈ F j B are any lifts of a 0 , b 0 respectively. Thus, gr(B) = O(X), where X is an irreducible Poisson algebraic variety.
The nondegeneracy assumption is satisfied, in particular, when X is a generically symplectic Poisson variety, i.e., one having a symplectic dense open subset; see Theorem 3.6. Therefore, Theorem 1.7 holds for many of the examples of Corollary 1.3 -quantum Hamiltonian reductions of Weyl algebras, central reductions of finite W-algebras, spherical symplectic reflection algebras, and tensor products thereof (see Corollary 3.7).
1.3. Quantum polynomial algebras. For our next main result, we consider finite dimensional Hopf actions on quantum polynomial algebras (or quantized coordinate rings of affine n-space):
where q = (q ij ), q ij ∈ k × with q ii = 1 and q ij q ji = 1. Thus we can view q as a point of the algebraic torus (k × ) n(n−1)/2 with coordinates q ij for i < j.
There are many examples of semisimple Hopf actions on k q [x 1 , . . . , x n ] that do not factor through group actions; the parameters q ij are roots of unity in these examples. See, for instance, [CKWZ, Theorem 0.4] , [EW1, Example 5.10] , and [KKZ, ]. Still, we establish the following result.
Let q be the subgroup in (k × ) n(n−1)/2 generated by q, and let G q be its Zariski closure. Let G 0 q be the connected component of the identity in G q . If each q ij is a root of unity of order r ij , then |G q /G 0 q | = lcm{r ij } i<j . In particular, if n = 2, i.e. if B = k x, y /(xy−qyx), then the condition on q = q ∈ k × in Theorem 1.8 is that the order of q is coprime to d! or infinite. On the other hand, the condition on q in Theorem 1.8 is also satisfied if each q ij is a non-root of unity and the set of the q ij is multiplicatively independent; here, |G q /G 0 q | = 1. See Example 7.3 for a discussion of how to compute |G q /G 0 q | in general. One may compare Theorem 1.8 to a similar result, [CWZ, Theorem 4.3] , in the case where the Hopf action preserves the grading of k q [x 1 , . . . , x n ]. But note that without the degree-preserving assumption, semisimplicity is still needed in Theorem 1.8; see [EW2] , [EW3, Example 3.6] for counterexamples for n = 1, 3, respectively.
Moreover, Theorem 1.8 is valid for finite dimensional Hopf algebras in the Hopf-Galois case, where we can replace the condition "coprime to d!" with "coprime to d" (Proposition 5.1). Also, Theorem 1.8 generalizes straightforwardly (with the same proof) to actions on the quantum torus
Another generalization of Theorem 1.8 to the non-semisimple case can be made under a nondegeneracy assumption. Recall that q may be viewed as a skew-symmetric bicharacter on Z n with values in k × , with q(e i , e j ) = q ij for the standard basis {e i }. A bicharacter q is called nondegenerate if the character q(a, ?) : Z n → k × is non-trivial whenever a = 0. Note that unlike skew-symmetric bilinear forms (which are always degenerate in odd dimensions), a skew-symmetric bicharacter can be nondegenerate for any n ≥ 2. Theorem 1.9 (Theorem 5.2). Let H be a finite dimensional Hopf algebra of dimension d acting on B := k q [x 1 , . . . , x n ]. Assume that the order of G q /G 0 q is coprime to d!, and q is a nondegenerate bicharacter. Then, the action of H on B factors through a group algebra.
It is shown in Example 5.5 that Theorems 1.8 and 1.9 fail when hypotheses are removed; these examples involve actions of the nonsemisimple 4-dimensional Sweedler Hopf algebra.
1.4. Twisted homogeneous coordinate rings of abelian varieties and Sklyanin algebras. Let X be an abelian variety over k, L be an ample line bundle on X, and let σ : X → X be an automorphism given by translation by a point s ∈ X. Then we can define the twisted homogeneous coordinate ring
with twisted multiplication f * g := f (σ n ) * (g), where f is of degree n ( [AV] ). It is well-known that B(X, σ, L) is a domain, and if |σ| < ∞, then B(X, σ, L) is a PI domain of PI degree |σ|.
Let G σ be the Zariski closure of the subgroup {s i } i∈Z , and let G 0 σ be the connected component of the identity in G σ . In particular, if the subgroup {s i } i∈Z is Zariski-dense in X, then any semisimple Hopf action on B(X, σ, L) factors through a group action. Moreover, if X =: E is an elliptic curve, the condition on σ in Theorem 1.10 is that the order of σ is coprime to d! or infinite.
Lastly, we study semisimple Hopf actions on another class of quantizations: the 3-dimensional Sklyanin algebras S(a, b, c) (Definition 6.3).
To S(a, b, c), one can naturally associate an elliptic curve E abc ⊂ P 2 k and an automorphism σ abc given by translation by a point. (See [ATV, Introduction] .) Theorem 1.11. If H is a semisimple Hopf algebra of dimension d, and if the order of σ abc is coprime to d! or infinite, then any H-action on S(a, b, c) factors through a group action. Remark 1.12. We believe that by adapting the techniques in this work, one could establish a version of Theorem 1.11 for semisimple Hopf actions on other elliptic algebras, such as in [Skl] (or, see [SS] ) and in [EG] , [Ode] , [Ste] . Further, we believe that under an appropriate nondegeneracy condition, there are No Finite Quantum Symmetry results for such elliptic algebras and for twisted homogeneous coordinate rings B(X, σ, L) as above; compare to Theorem 1.9.
Our paper is organized as follows. We discuss semisimple Hopf actions on filtered quantizations in Section 2, non-semisimple Hopf actions on filtered quantizations in Section 3, semisimple Hopf actions on quantum polynomial algebras in Section 4, non-semisimple Hopf actions on quantum polynomial algebras in Section 5, and Hopf actions on twisted homogeneous coordinate rings of abelian varieties and Sklyanin algebras in Section 6. The results of Sections 4-6 rely on a number-theoretic result of Antonella Perucca discussed in the Appendix (Section 7).
The notation and terminology of the introduction is used throughout this work, often without mention.
Semisimple Hopf actions on filtered quantizations
2.1. The result on semisimple Hopf actions on quantizations with PI reductions. In this section, we study actions of semisimple Hopf algebras H on filtered quantizations B. Throughout this section, we let B denote a Z + -filtered algebra over k such that gr(B) is a commutative finitely generated domain; such B will be referred to as a filtered quantization. Our goal is to prove Theorem 1.2 (Theorem 2.4 below). This result was established in [CEW1] for B being a Weyl algebra and we generalize the techniques of [CEW1] for our purpose here.
Let R be a finitely generated subring of k. By an R-order in a filtered quantization B we mean an R-subalgebra B R of B such that gr(B R ) is a finitely generated R-algebra which is projective as an R-module, and so that the natural map gr(B R ) ⊗ R k → gr(B) is an isomorphism of graded k-algebras.
Lemma 2.1. (i) Any filtered quantization B admits an R-order B R for a suitable ring R.
(ii) For any two orders B R over R and B R ′ over R ′ , there exists a finitely generated ring R ′′ ⊂ k containing R, R ′ and an R ′′ -algebra isomorphism φ :
Proof. (i) By the Hilbert basis theorem, the algebra gr(B) is finitely presented. This implies that so is B, as we can lift the generators and defining relations of gr(B) to those of B.
More specifically, pick homogeneous generatorsb 1 , . . . ,b n of gr(B) of degrees m 1 , . . . , m n . Let
be a set of defining relations for gr(B), with p s ∈ k[X 1 , . . . , X n ] being homogeneous of degree d s (this set may be chosen to be finite by the Hilbert basis theorem). Let b j be lifts ofb j to B, and p s be homogeneous lifts of
where f ij ∈ k X 1 , . . . , X n is a noncommutative polynomial of filtration degree at most m i + m j − 1, and
It is easy to see that these relations are defining, since they are already defining at the graded level. Using relations (1), we can find a suitable finitely generated subring R ⊂ k and define B R ⊂ B as follows. We take R to be the ring generated by all the coefficients of the polynomials f ij , g s , and set R = R[1/f ] for a suitable f ∈ R. Now let B R be the subalgebra of B generated over R by b 1 , . . . , b n . We can choose f so that (1) are defining relations for B R , and so that B R is an R-order on B, since for a suitable choice of f , gr(B R ) is a projective (in fact, free) R-module by Grothendieck's Generic Freeness Lemma ( [Eis, Theorem 14.4 
]). This proves (i).
(ii) Note that we have a natural isomorphism of filtered algebras φ : B R ⊗ R k → B R ′ ⊗ R ′ k (as both are equal to B). This isomorphism is defined over some finitely generated ring R ′′ ⊂ k containing R, R ′ , which implies (ii).
Lemma 2.2. Suppose that B is a filtered quantization that carries an action of a finite dimensional Hopf algebra H. Let S be a finitely generated subring of k, and B S be an S-order in B. Then, one can find a finitely generated subring R ⊂ k containing S and a Hopf order
so that there is an induced action of H R on B R := B S ⊗ S R which gives the action of H on B upon tensoring over R with k.
Proof. We use the method of [CEW1, Section 2]. Pick homogeneous generatorsb 1 , . . . ,b n of gr(B S ), and let b j be lifts ofb j to B S . Choose a basis {h m } of H. We have
for some noncommutative polynomials q mj ∈ k X 1 , . . . , X n . Let R be generated over S by the structure constants of H in the basis {h m } and the coefficients of q mj . Let H R ⊂ H be the span of h m over R. Then, H R ⊂ H is a Hopf order, and H R acts on B R by formula (2). The lemma is proved.
Thus, any action of H on B admits an R-order for some finitely generated ring R ⊂ k. Moreover, it is easy to see from Lemma 2.1(ii) that any two such orders over rings R, R ′ can be identified after tensoring with some finitely generated ring R ′′ ⊂ k containing R, R ′ , so an order is essentially unique. Now fix a ring R and an R-order B R ⊂ B with an action of H R . Let p be a sufficiently large prime, and ψ : R → F p be a character. Following [CEW1, Section 2], let H p := H R ⊗ R F p , B p := B R ⊗ R F p be the corresponding reductions of H, B modulo p, where F p is an Rmodule via ψ. Then, H p acts on B p (by applying ψ to the action of H R on B R ).
Lemma 2.3. For a sufficiently large prime p, gr(B p ), and hence B p , is a domain.
Proof. We have gr(B p ) = gr(B R ) ⊗ R F p . Therefore, the statement follows from [EGA, 9.7.7(i) ] ("geometric irreducibility").
Theorem 2.4. If B is an algebra with PI reductions, then any semisimple Hopf action on B factors through a group action.
Proof. We may assume without loss of generality that the action of H on B is inner faithful (otherwise we can pass to an action of a quotient Hopf algebra).
Take p ≫ 0. 2.2. Some examples of filtered quantizations. As a consequence, Theorem 2.4 applies to semisimple Hopf actions on many classes of filtered quantizations. Namely, we will consider the following examples.
2.2.1. Twisted differential operators. Let X be a smooth affine irreducible algebraic variety over k, and ω a closed 2-form on X. Then we define the algebra of twisted differential operators D ω (X) to be the algebra generated by O(X) and elements L v attached k-linearly to vector fields v ∈ DerO(X) on X, with defining relations 2.2.2. Quantum Hamiltonian reductions. Let G be a reductive algebraic group over k with Lie algebra g, and let (V, (·, ·)) be a faithful finite dimensional symplectic representation of G. Let A(V ) be the Weyl algebra of V , generated by v ∈ V with relations [v, w] = (v, w) for v, w ∈ V . We have a natural action of G on A(V ) which preserves its filtration. In this case, we have a natural G-equivariant Lie algebra map µ : g → A(V ) called the quantum moment map, which quantizes the classical moment map µ :
given a character χ : g → k, we can define the algebra
called the quantum Hamiltonian reduction of A(V ) by G using χ. It inherits a filtration from the Weyl algebra. See [Et1, Chapter 4] for further details.
Assume that the moment map µ is flat, and that the scheme µ −1 (0) is reduced and irreducible (i.e., µ −1 (0) is a reduced irreducible complete intersection). In this case, X := µ −1 (0)/G is an irreducible generically symplectic Poisson variety, and B(χ) is a filtered quantization of O(X). See [Lo2, Section 2.3] and [Nak, part 2(i)], and references therein for more details.
An interesting special case of this is when G = (
⊕m ij , where V i are finite dimensional vector spaces and m ij = m ji are positive integers where m ii is even; i.e., V is the space of representations of a doubled quiver, and G is the group of linear transformations for this quiver. In this case, B(χ) is the quantized quiver variety, see e.g. [BPW, Section 3.4] . The conditions under which µ is flat and µ −1 (0) is reduced and irreducible are given in [CB, Theorems 1.1 and 1.2].
2.2.3. Finite W-algebras. Let g be a simple Lie algebra over k, and e ∈ g be a nilpotent element. To this data one can attach a Lie subalgebra m ⊂ g with a character χ, and a finite W-algebra is U(g, e) := (U(g)/U(g)(a − χ(a), a ∈ m)) ad m , a quantum Hamiltonian reduction of U(g). The algebra U(g, e) has a filtration induced by the filtration in U(g), and its associated graded algebra is a polynomial algebra (of functions on the corresponding Slodowy slice). We refer the reader to [Lo1, Subsections 2.3 and 2.4] and the references therein for details. Also, the center U(g) g of U(g) embeds into U(g, e), so for any central character θ : U(g) g → k one can consider the central reduction U θ (g, e) := U(g, e)/(a − θ(a), a ∈ U(g) g ). Then gr(U θ (g, e)) = O(X), where X is the nilpotent Slodowy slice, a generically symplectic Poisson variety.
2.2.4. Symplectic reflection algebras. Let G be a finite group and V a faithful finite dimensional symplectic representation of G, and assume that V is not a direct sum of two nonzero symplectic representations. The symplectic reflection algebra H t,c (G, V ) is the most general filtered deformation of kG ⋉ SV , where [F i , F j ] ⊂ F i+j−2 ; here t ∈ k and c is a conjugation invariant function on the set of symplectic reflections in G (see [Et1, Chapter 8]) .
Let e = |G| −1 g∈G g be the symmetrizing idempotent for G. Then, the algebra eH t,c (G, V )e is called the spherical symplectic reflection algebra. For t = 1, it is a filtered quantization of O(X) where X = V /G, a generically symplectic Poisson variety.
Remark 2.5. There are many other interesting examples of filtered quantizations, and our results given below can be extended to such examples. Since this extension is rather routine, we leave it outside the scope of this paper.
2.3. Results on semisimple Hopf actions on specific filtered quantizations. Here are some concrete applications of Theorem 2.4. Corollary 2.6. Let B be one of the following filtered k-algebras:
Note that in some of these cases, a stronger statement is true: any finite dimensional (not necessarily semisimple) Hopf action on B factors through a group action, see Corollary 3.7 below. However, we still prefer to prove the weaker version here, since the proof is simpler (e.g., it does not require reduction modulo prime powers).
Proof. By Theorem 2.4, our job is to show that B is an algebra with PI reductions. In other words, we need to show that the division algebra D p of fractions of B p is central (i.e., there is a "p-center") for p ≫ 0. We do so below in each case.
(i) We will show that if a filtered quantization A of a commutative finitely generated domain A 0 over a field F of characteristic p > 0 is generated in degree one, then it is module-finite over its center after localization; this implies the required statement. p , and
′ is generated in filtration degree 1, and L := F 1 A ′ is a finite dimensional vector space over K (as it is spanned by 1, a 1 , . . . , a n over
is a finitely generated algebra). Also, L is closed under commutator. Thus, L is a finite dimensional Lie algebra over K, and A ′ is a quotient of the enveloping algebra U(L). But the enveloping algebra of a finite dimensional Lie algebra in characteristic p is module-finite over its center (i.e., there is a p-center; see [Ja1] , [Ja2, Chapter 6, Lemma 5]). This implies that A ′ is module-finite over its center, as desired.
(ii) Since a W -algebra is a quantum Hamiltonian reduction of the enveloping algebra U(g) of a semisimple Lie algebra g, (see [Lo1] ), the statement follows from (i).
(iii) This also follows from (i) and the definition of the quantum Hamiltonian reduction.
(iv) This holds by [BFG, Theorem 9 .1.1 (in the appendix)].
(v) This follows easily from the previous cases.
Finite dimensional Hopf actions on filtered quantizations
3.1. Hopf-Galois actions. Theorem 2.4 does not hold for nonsemisimple Hopf actions, as there are many inner faithful actions of nonsemisimple finite dimensional Hopf algebras on commutative domains, see [EW2] . However, Theorem 2.4 is valid in the Hopf-Galois case.
Theorem 3.1. Let B be a filtered quantization of a commutative finitely generated domain with PI reductions, and let H be a finite dimensional Hopf algebra over k which acts on B. Assume that this action gives rise to an H * -Hopf-Galois extension B H ⊂ B. Then, H is a group algebra.
Proof. The result follows from the arguments in the proofs of Theorem 2.4 and [CEW1, Theorem 4.2]. Namely, recall Notation 1.5. We show similarly to the proof of Theorem 2.4 that Z is H p -stable, and then proceed as in the proof of [CEW1, Theorem 4.2] . Specifically, by [Et2, Corollary 3.2(ii))], D p has degree p n over its center Z = Z(D p ) for some n, so by [CEW1, Proposition 3.3(i)], Z is H p -invariant. Now, since the action of H on B gives rise to a Hopf-Galois extension, so does the action of H p on Z, i.e., the algebra map Z ⊗ Z Hp Z → Z ⊗H * p is an isomorphism. Thus, H * p is commutative and H p is cocommutative, so H is cocommutative ([CEW1, Lemma 2.3(ii)]), i.e., a group algebra by the Cartier-Gabriel-Kostant theorem [Mo, Corollary 5.6.4(3) and Theorem 5.6.5].
Preparatory results on nondegenerate quantizations.
Another generalization of Theorem 2.4 concerns nondegenerate quantizations, defined in Definition 1.6. To obtain it, we will first need to generalize [CEW2, Theorem 3.2] . Let H be a finite dimensional Hopf algebra over an algebraically closed field F of characteristic p > 0, and let Z be a finitely generated field extension of F . Let Z(m), for m ≥ 1, be a collection of subfields of Z such that Z(m) ⊃ Z(m + 1) for all m ≥ 1. Proof. The proof is the same as that of [CEW2, Theorem 3.2] . Indeed, the only properties of the fields Z p m used in that proof are that their intersection is F and that the degree of Z over Z p m is a power of p.
We will also need the lemma below from commutative algebra. Introduce the following notation. Let be the differential.
Proof. It is clear that the image of ker(d m ) contains A p m , so it remains to establish the opposite inclusion. We will do so by induction in m.
The base of induction is the equality ker(d| A ) = A p , which is the Cartier isomorphism in degree zero ( [Kat, Section 7] ). Alternatively, here is a direct proof. Since A is integrally closed in its quotient field L := Frac(A), we may replace A with L. Note that L can be represented as a finite separable extension of F (y 1 , . . . , y n ), where n = dim Y . Given f ∈ L such that df = 0, consider the minimal polynomial P (t) = t r + a r−1 t r−1 + · · · + a 0 of f over E := F (y 1 , . . . , y n ). Applying the differential to the equation P (f ) = 0, we get r−1 j=0 f j da j = 0. Since P is the minimal polynomial, this implies that da j = 0 for all j. Thus a j ∈ E p (as the statement in question is easy for purely transcendental fields). Thus,
To perform the induction step, suppose f ∈ ker(d m ). Our job is to show that the imagef of f in A is contained in A p m . By the induction assumption we know thatf = b p m−1 for some b ∈ A, so it remains to show that b = c p for some c ∈ A. For this, let us expand f in a power series in some local coordinate system y 1 , . . . , y n on Y . It is easy to see by looking at monomials that if Moreover, we will need the result below.
Lemma 3.4. Let B be an algebra with PI reductions, and let D p denote the full localization (i.e., the ring of fractions) of the reduction B p of B, for p ≫ 0. Then, the center Z of D p is a finitely generated field extension of F p .
Proof. Let v 1 , . . . , v N be a basis of D p over Z, and let b 1 , . . . , b n be generators of The next theorem shows that the nondegeneracy assumption is satisfied, in particular, when gr(B) = O(X), where X is generically symplectic.
Theorem 3.6. Let B be a quantization with PI reductions, and assume that gr(B) = O(X), where X is a generically symplectic Poisson variety. Then, any action of a finite dimensional Hopf algebra H on B factors through a group action.
Proof. By Theorem 3.5, it suffices to show that B is a nondegenerate quantization, i.e., that m≥1 Z(m) = F p , for p ≫ 0.
Recall Notation 1.5. Let C be the center of B p ; thus, by Posner's theorem [MR, Theorem 13.6 .5], the field Frac(C) of fractions of C is Z. Let C m be the center of B p m , and C(m) be its image in B p .
Let a ∈ B p m be central modulo p (i.e., the image a of a in B p lies in C). Then, a p is central modulo p 2 , a p 2 is central modulo p 3 , and so on. (4) gr(C(m)) ⊂ C 0 (m).
Let Z 0 := Frac(B 0p ). Since X is generically symplectic, C 0m coincides with the set of all f ∈ B 0p m such that df = 0 . By Lemma 3.3 (taking Y to be the reduction modulo p m of a symplectic dense affine open subset U ⊂ X), this implies that is a perfect field that is finitely generated over F p , we get that m≥1 Z , and the numerator has degree strictly less than deg g m . This violates (6), so z − z 0 = 0, i.e. z ∈ F p . This proves the theorem.
Corollary 3.7. Let B be one of the following algebras:
(i) a quotient of a finite W-algebra by a central character;
(ii) a Hamiltonian reduction of a Weyl algebra by a reductive group action; in particular, the coordinate ring of a quantized quiver variety; (iii) a spherical symplectic reflection algebra H 1,c (G, V ); or (iv) the tensor product of any of the algebras in (i)-(iii).
Then, any action of a finite dimensional Hopf algebra H on B factors through a group action.
Proof. It is explained in Subsection 2.2 that in examples (i)-(iv), we have that gr(B) = O(X) where X is generically symplectic. This implies the corollary. 
Semisimple Hopf actions on quantum polynomial algebras
We now turn to finite dimensional Hopf actions on quantum polynomial algebras
where q = (q ij ), q ij ∈ k × with q ii = 1 and q ij q ji = 1. We view q as a point of the algebraic torus (k × ) n(n−1)/2 with coordinates q ij , i < j. Let q be the subgroup in (k × ) n(n−1)/2 generated by q, and let G q be its Zariski closure. Let G Proof. We may assume that H acts on B := k q [x 1 , . . . , x n ] inner faithfully. Let R ⊂ k be a finitely generated subring containing q ij , let B R := R q [x 1 , . . . , x n ] be the quantum polynomial algebra defined over R, and H R be a Hopf R-order with an action on B R which becomes the action of H on B upon tensoring with k.
Similarly to the proof of Theorem 2.4, we need to control the PI degree of B R after reducing modulo p; we employ a version of the number-theoretic result of A. Perucca (as presented in Appendix) to do so.
Given a number field K and a ring homomorphism ξ : [CEW1, Proposition 3.3(ii) ] implies that H p is cocommutative. Since this happens for infinitely many primes, we conclude that H R ′ is cocommutative. Since this happens for generic maps ξ, this implies that H R is cocommutative. Thus H is cocommutative, i.e., H is a group algebra.
Corollary 4.2. The conclusion of Theorem 4.1 holds when q ij = q m ij , where m ij = −m ji are integers, and the order of q ∈ k × is infinite or is coprime to d!.
Proof. This is a special case of Theorem 4.1. Let us now extend the results of the previous section to not necessarily semisimple Hopf algebras, under some additional assumptions.
First of all, when the action of H on B is Hopf-Galois, we can remove in Theorem 4.1 the assumption that H is semisimple, and also weaken the coprimeness assumption, replacing d! with d. Proof. The proof is parallel to the proof of Theorem 3.1. The weaker coprimeness assumption suffices since by the Hopf-Galois condition,
Here, p ≫ 0 and D p is the full localization of B reduced modulo p via the method in the proof of Theorem 4.1.
Let us now give a generalization of Theorem 4.1 to the non-semisimple case under a nondegeneracy assumption.
Theorem 5.2. Let H be a finite dimensional Hopf algebra of dimension d acting on B := k q [x 1 , . . . , x n ]. Assume that the order of G q /G 0 q is coprime to d!, and q is nondegenerate. Then, the action of H on B factors through a group action.
Proof. The proof is obtained by combining the proofs of Theorem 3.5 and Theorem 4.1. Let us describe the necessary changes.
We argue as in the proof of Theorem 4.1. Fix a generic character ξ : R → K from R to a number field K, and set R ′ = ξ(R). By Corollary 7.2, there exist infinitely many primes p with prime ideals p ⊂ R ′ lying over them such that, for a generic homomorphism ψ : R ′ → F p annihilating p, the order N := N p of ψ • ξ(q) is finite and coprime to d!. is a power of p. Also it is clear from the nondegeneracy condition for q that m Z(m) = F p . Thus, Theorem 3.2 applies, and yields that H p is cocommutative. Hence H R ′ is cocommutative, implying that H R is cocommutative and ultimately that H is cocommutative, i.e., a group algebra.
Remark 5.3. If q ij = q m ij where q is not a root of unity, then q is nondegenerate if and only if det(m ij ) = 0. Theorem 5.2 applies in this case. This gives a generalization of [CWZ, Theorem 0.4 ] to nonhomogeneous Hopf actions for even n. Proof. In the case of the quantum torus, the proof is analogous to the proof of Theorem 4.1. The case of the division algebra of quotients is obtained using the same argument as in the proof of [CEW1, Proposition 4.4].
Example 5.5. The condition that H is semisimple cannot be dropped in Theorem 4.1, and the condition that q is nondegenerate cannot be dropped in Theorem 5.2. Namely, let A = A 0 ⊕ A 1 be a Z/2Z-graded domain with a nonzero central element z ∈ A 1 , and take H to be the 4-dimensional Sweedler Hopf algebra generated by a group-like element g and a (g, 1)-skewprimitive element u with g 2 = 1, u 2 = 0 and gu + ug = 0.
(1) Then, there is an action of H on A (not preserving the grading of A) given by g · a = (−1) dega a, and u · a = 0 if a ∈ A 0 and u · a = za if a ∈ A 1 . It is easy to check that this action is welldefined; it is inner faithful since u acts by a nonzero operator.
(2) In particular, we have an inner faithful action of H on the quantum polynomial algebra k q [x, y], for q a root of unity of any odd order 2m − 1, m > 0; namely, we can take z = x 2m−1 .
(3) Also, this gives an inner faithful action of H on the quantum torus
n ] if n is odd: we can take the central ele-
n−1 x n . For even n, such an action is impossible if q is not a root of unity by Theorem 5.2. Indeed, the matrix m ij := sign(j − i) is nondegenerate if and only if n is even (see Remark 5.3).
(4) Finally, this gives an inner faithful Sweedler Hopf algebra action on the Weyl algebra A n (F ) when char(F ) = p ≥ 3; the Z/2Z grading is defined by giving the generators degree 1, and we can take, for instance, z = x Proof. The proofs of the statements (i),(ii),(iii) are parallel to the proofs of Theorem 4.1, Proposition 5.4, and Proposition 5.1, respectively, where we use that the PI degree of B equals the order of σ. The only difference is that Corollary 7.2 is applied to the abelian variety X with subgroup {s i } i∈Z rather than the torus (k × ) n(n−1)/2 with subgroup q .
In particular, if X =: E is an elliptic curve, Theorem 6.1 holds if the order of σ is coprime to d! or infinite. Moreover, if σ has infinite order, the assumption that H is semisimple can be dropped.
Theorem 6.2. Let E be an elliptic curve, and take σ ∈ Aut(E) given by translation by a point of infinite order. Then, any finite dimensional Hopf action on B(E, σ, L) factors through a group action.
Proof. The proof repeats the proofs of Theorem 5.2 and Theorem 3.5 without significant changes.
Finally, let us consider semisimple Hopf actions on three-dimensional Sklyanin algebras [ATV, FO] . Let F be an algebraically closed field of characteristic not equal to 2 or 3. Definition 6.3. Let a, b, c ∈ F × be such that (3abc) 3 = (a 3 + b 3 + c 3 ) 3 .
The three-dimensional Sklyanin algebra, denoted by S(a, b, c) is generated over F by x, y, z with defining relations ayz + bzy + cx 2 = azx + bxz + cy 2 = axy + byx + cz 2 = 0.
It is known that S(a, b, c) is Koszul with Hilbert series (1 − t) −3 (see [ATV, Theorems 6.6 (ii) and 6.8(i)] and a result of J. Zhang [Smi, Theorem 5 .11]), so that S(a, b, c) is a flat deformation of the algebra of polynomials in three variables (see, e.g. [TV, Theorem 1 .1]). Moreover, the center of S(a, b, c) contains an element T of degree 3, and S(a, b, c)/(T ) = B(E, σ, L), where E is the elliptic curve in P 2 given by the equation with σ given by translation by the point (a : b : c) ∈ E, and L is a line bundle of degree 3 on E.
Theorem 6.4. Let S(a, b, c) be a 3-dimensional Sklyanin algebra over k and let H be a semisimple Hopf algebra over k of dimension d. If the order of σ ∈ Aut(E) is coprime to d! or infinite, then any H-action on S(a, b, c) factors through a group action.
Proof. It is known from the theory of Sklyanin algebras that if σ has order N then S(a, b, c) is PI with PI degree N (see [AST, part 5 of Theorem on page 7]). Therefore, Theorem 6.4 is proved similarly to Theorem 4.1, using Corollary 7.2 for elliptic curves, as in Theorem 5.2.
Remark 6.5. The semisimplicity condition on H in Theorem 6.1 and the infinite order condition in Theorem 6.2 cannot be dropped, as there exists a Sweedler Hopf algebra action on B := B(X, σ, L) if σ has odd order N. Namely, we take a sufficiently large odd number m such that the line bundle L ⊗m is very ample (it exists since L is ample). Now B[mN] = 0 and there exists an eigenvector f of σ in B [mN] . We then take z = f N , a nonzero central element of odd degree mN 2 , so that a desired action is given by Example 5.5.
Also, the semisimplicity assumption in Theorem 6.4 cannot be dropped, as there exists a Sweedler Hopf algebra action on S(a, b, c) for any a, b, c, given by Example 5.5 where we use the central element T in place of the element z.
Appendix
The goal of this Appendix is to provide number-theoretic results needed in Section 4. We start with quoting a result from [Per] (in which we take F to be the number field K itself).
Theorem 7.1. [Per, Theorem 7] Let G be the product of an abelian variety and a torus defined over a number field K. Let g ∈ G(K) be a K-rational point on G such that the Zariski closure G g of the subgroup g ⊂ G(K) generated by g is connected. Fix a positive integer r. Then there exists a positive Dirichlet density of primes p of K such that the order of g modulo p is coprime to r.
Corollary 7.2. Let K, G be as in Theorem 7.1, let g ∈ G(K), and let ℓ := |G g /G 0 g |, where G 0 g is the connected component of the identity in G g (i.e., G g /G 0 g = Z/ℓZ). Fix a positive integer r coprime to ℓ. Then, there exists a positive Dirichlet density of primes p of K such that the order of g modulo p is coprime to r.
The corollary above is used in the proof of Theorem 4.1 where d! is r and N p is the order of g modulo p.
Proof. The order of g in G g /G 0 g is ℓ, hence G g ℓ = G 0 g . Now the statement follows by applying Theorem 7.1 to g ℓ .
Example 7.3. Let G be a split m-dimensional torus, and take an element g := (q 1 , . . . , q m ) ∈ G. We have the following statements.
(1) The group G g is connected if and only if the group Γ generated by q 1 , . . . , q m in K × is free, i.e., does not contain non-trivial roots of unity. Indeed both conditions are equivalent to the condition that any character χ of G which maps g to an ℓ-th root of unity satisfies χ(g) = 1.
(2) More generally, |G g /G 0 g | = ℓ if and only if the group of roots of unity generated by χ(g), where χ runs through characters of G such that χ(g) is a root of unity, is µ ℓ . In other words, ℓ is the order of the torsion subgroup in Z m /g ⊥ , where g ⊥ is the subgroup of characters χ such that χ(g) = 1. In particular, ℓ depends only on the multiplicative relations satisfied by q ij .
(3) If dim G = 1 (i.e., G = G m or an elliptic curve), then G g is connected if and only if g has infinite order or g = 1. More generally, |G g /G 0 g | = ℓ > 1 if and only if g has order ℓ.
